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The propagat ion of spher ica l  waves in an isotropic  elast ic  medium has been studied sufficiently 
complete ly  (see,  e.g.,  [1-4]). It is  p roved  [5, 6] that  in imperfec t  solid media,  the fo rma t ion  and 
propagat ion of waves s imi l a r  to waves  in e las t ic  media  a re  possible.  With the use of asymptot ic  
t r ans fo rm invers ion methods in [7] a p rob lem of an internal  point source  in a v iscoelas t ic  me -  
dium was investigated. The problem of an explosion in rocks  in a ha l f -space  was considered in 
[8]. A numer ica l  Laplace t r a n s f o r m  inversion,  p roposed  by Bellman,  is p resen ted  in [9] for the 
study of the action of an explosive pulse  on the surface  of a spherical  cavity in a v iscoelas t ic  
medium of Voigt type. In the p re sen t  study we investigate the propagation of a spherical  wave 
fo rmed  f rom the action of a pulsed load on the internal  surface  of a spherical  cavity in a v i sco-  
e las t ic  half-space.  The potentials  of the waves  propagat ing in the medium are  constructed in 
the fo rm of s e r i e s  in special  functions. In o r d e r  to rea l ize  v iscoelas t ic i ty  we use a co r r e spon-  
dence method [10]. The t r ans fo rm invers ion is c a r r i ed  out by means  of a representat ion of the 
potent ials  in integral  form and subsequent use of asymptot ic  methods f o r  the i r  calculation. 
Thus, it becomes  poss ib le  to invest igate the behavior  of a medium near  the wave fronts. The 
radial  s t r e s s  is calculated on the surface  of the cavity. 

We a re  given a ha l f - space  with a spher ica l  cavity of radius a at a depth h f rom the surface (h > a). At  
t ime t = 0 a pulsed load is applied to the surface of the cavity. We formulate  the problem of finding the dis-  
p lacement  field and the s t r e s s  field in a ha l f - space  with account of the v iscoelas t ic  p roper t i e s  of the medium, 
The cyl indr ical  r, z and spherical  R, 0 coordinate sys t ems  a re  connected, respect ively ,  with the free surface 
of the ha l f - space  and the center  of the cavity. We assume that the displacement  field and s t r e s s  field a re  in- 
dependent of  the azimuthal  angle. The problem consis ts  of solving the Cauchy equation 

~,~ = 9~.~, 

sat isfying the conditions 

u~ = O, t < O; ~ l =  ] I ( R ,  t),  R = a, t > O; akz = ]~(r, t) ,  z = O, 

t > 0 ,  

where  k = 1.2; l = 1.2. Fo r  account of energy dissipation in a v iscoe las t ic  medium for the oscil lation of 
pa r t i c l e s  according  to Hooke's  law, additional t e r m s  are  introduced by replacing the Lam~ elast ic  constants  
X and g by some l inear  ope ra to r s  A and M or  opera to r s  that a re  differential with respec t  to t ime with con- 
stant coefficients,  o r  integral  with respec t  to t ime with difference kernels .  

Solution of the formula ted  unsteady problem by using a Laplace t ransformat ion  with respec t  to t ime with 
p a r a m e t e r  s in accordance  with known re la t ions  reduces  to finding the potential ~ of the longitudinal wave 
and the potential ~, of the t r a n s v e r s e  waves from the equations 

{ (v ~ - ~,:~)~ -- o, (1) 
(v 2 - ~ : ) ~  0 

with account  of the boundary conditions 

I~ = -- P '  (2) 
for g = a[oR0 = O; 
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[o:: --- 0, 
for z = 0 '[o',: O. 

H e r e  ~ ,  ,Is, and  P a r e  the  L a p l a c e  t r a n s f o r m s  of  t he  func t ions  q), ~,  and  p; f t  = - P S ( t ) ;  P = cons t ;  

a = sup; ~ = su~; C,p = [p(A 2M) IU~; v._. = (p,M)/-.  

T h e  unknown p o t e n t i a l s  a r e  r e p r e s e n t e d  in the  f o r m  

r~t~O m ~ O  

c~ 

m = 0  nl=O 

(a) 

w h e r e  ,I, o and  'Yo a r e  the  p o t e n t i a l s  of  the  p r i m a r y  w a v e s ;  ~2m and ~I, zm a r e  the  p o t e n t i a l s  of  the  w a v e s  r e -  
f l e c t e d  f r o m  the  s p h e r i c a l  cav i ty ;  ~2m+ l and  ,I~2m+ 1 a r e  the  p o t e n t i a l s  of  the  w a v e s  r e f l e c t e d  f r o m  the  s u r -  
f a c e  of  the  h a l f - s p a c e .  A so lu t ion  i s  c o n s t r u c t e d  for  a l l  the  r and  , I ,m(m = 0, 1, 2, 3 , . . .  ) s e p a r a t e l y  in the  
f o r m  of a s e r i e s  in s p h e r i c a l  Hankel  func t ions  hn(z) of the  f i r s t  o r  s e c o n d  k ind  ( th i s ,  in p a r t i c u l a r ,  m a k e s  i t  
p o s s i b l e  to r e p r e s e n t  the  f ina l  so lu t i on  in the  f o r m  of  c o m b i n a t i o n s  of  e l e m e n t a r y  funct ions)  

= __ an t ,~ (  XRh)P,~(Cos0); 
, = o  (4) 

115m ~" ra . OP (cos O) 
= ~ b,J2,, (z~B~) ao ' 

n = O  

w h e r e  the  a m and  b n m a r e  unknowns,  d e t e r m i n e d  f r o m  the  b o u n d a r y  c o n d i t i o n s ;  the  Pn(COS 0) a r e  a s s o c i a t e d  
L e g e n d r e  p o l y n o m i a l s ;  k = 1.2; R t = R; R 2 = r .  We  l i m i t  o u r s e l v e s  to a s e a r c h  f o r  the  f i r s t  t h r e e  t e r m s  in 
(3). C o n s i d e r i n g  Eq. (1) in a s p h e r i c a i  c o o r d i n a t e  s y s t e m  R, 0 wi th  o r i g i n  at  t he  c e n t e r  of  the  s p h e r i c a l  cav i ty ,  
and  assu_ming in (4 ) tha t  m = 0, R k = R t = R, h ~ ) ( i a R )  i s  a s p h e r i c a l  Hanke l  func t ion  of the  f i r s t  k ind ,  we ob ta in  
the  p o t e n t i a l  of  the  p r i m a r y  w a v e :  

P . ( i )  [ �9 
T 0 - -  O, ~0 - A-Ta) h0 d~B).  

The  unknown A(a) 

F i n a l l y ,  

i s  d e t e r m i n e d  f rom the  b o u n d a r y  condi t ion  (2) 

A(a)  = --(M aaa)(~ea ~ ~- 4 a a  q- 4). 

O) o - (Pa'~:B), i)[e-~(r~%"([~a 2 + 6acz 6)]. (5) 

To d e t e r m i n e  the  p o t e n t i a l s  

*~ = __~ a,?<l" (2' (i~.r) p,~ (cos 0), 

lt'1 --~ .1 ,  ~2) (ia ~ OP (cos00 0) 
= o,d~,~ ~q~r, 

n = O  

of  the  w a v e s  r e f l e c t e d  f r o m  the  s u r f a c e  of  the  h a l f - s p a c e ,  we use  an i n t e g r a l  S o m m e r f e l d  r e p r e s e n t a t i o n  of  
s p h e r i c a l  func t ions  [4]: 

hf ' (~cR)=~Je  ~:=~~ ~"(~")~,d~<. 
o ]irk.,- -:- c"- ' 

w h i c h  a l l o w s  us  to w r i t e  a so lu t ion  of Eqs.  (1) in the  c y l i n d r i c a l  c o o r d i n a t e  s y s t e m  r ,  z, c oup l e d  wi th  the  s u r -  
f a ce  of  the  h a l f - s p a c e ,  in the  f o r m  

ov 

0 [k] J ~  k ~2,~+t  = .t A , . - ,  ]/k" + a 2 e -  ~ ' -M dk;  

ec 

da (kr) k 

0 

The  cond i t ion  f o r  v a n i s h i n g  of  t h e  s t r e s s e s  tha t  a r i s e  due  to the  p o t e n t i a l s  ~52m + ~52m+1 and  ,I, zm + ~22m+1 

f o r  z = 0 l e a d s  to  a s y s t e m  of  e q u a t i o n s  f o r  f ind ing  the  unknowns A ( k )  and  t3 (k ) .  F i n a l l y ,  the  p o t e n t i a l s  of  
t he  o n c e - r e f l e c t e d  w a v e s  a c q u i r e  the  f o r m  

c c  

P ! r (k) k Jo (kr)  e -  (h--~)~ k~+~ ~- dk:  
q) l  - ~A (a~ . R (X.) Y ~  
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P ~ 4(2kZ + ~)~'~ .]', (kr) e - ~  ~ + ~ ~ - ~ "  
Wx = ~a (a) ~'.. B(D dk, 

, ~._).. 4 k ~ - ~ V ~  + [~; B(k) = (2k ~" ~ w h e r e  z < h; 
f o r m  i n v e r s i o n  i s  s i m p l i f i e d  w i th  t h e  s u b s t i t u t i o n  of  t he  v a r i a b l e  of i n t e g r a t i o n  

T(k) = (2k * + ~ ) * + 4 k ~ ] / ~ V ~  - + ~ �9 The  t r a n s -  

k = sv~p. (6) 

C o n v e r t i n g  f r o m  B e s s e l  f unc t i ons  to  Hanke l  func t ions  and  u s i n g  the  a s y m p t o t i c  r e p r e s e n t a t i o n  of  the  l a t t e r ,  
the  i n t e g r a l s  can  b e  c a l c u l a t e d  f r o m  the  m e t h o d  o f  steepest descents: 

. ~ . 3 ~  

(~)1 = 2PFpe --~ - u  --sv~" --~ 
aA (a, s) .R' " ~rl : 2PF,e .-~ --svpd 

' ~ (~, ~) V ;  ' (7)  

~R' = [r * -+- (h - -  z)~]*/2; d - -  hsec a ,  - -  zvsec a,.; v = vv/vs; 

Fp = (2r' - -  ~;'R(2) -~- 4 r ~ B "  (h -- z) Y - ~ r  ~ " 

(2r -~ -- v~B ~)~ -- 4r~R" (h -- z) ] / ' ~  = -fi ' 

~3/2 SilI~.(Z~ COS 2~Z~ 
F s 

(v cos * 2~z.= -~- 4sin ~ a~ cos a, cosa~) Vvh sec~ (z, --  z sec~ a.. , 

w h e r e  

= sinae/vs,  r = h t g a , - - z t g a ~  

w h e r e  t he  fo l lowing  r e l a t i o n s  a r e  s a t i s f i e d :  

sin a,/vp 

( s )  

( a t  i s  t he  a n g l e  o f  i n c i d e n c e  on the  b o u n d a r y  of  t he  h a l f - s p a c e  of  t he  l o n g i t u d i n a l  w a v e ;  a 2 i s  the  ang le  of  
r e f l e c t i o n  of  t h e  t r a n s v e r s e  w a v e  tha t  i s  f o r m e d ) .  

C o n s i d e r i n g  Eqs .  (1) in the  c o o r d i n a t e  s y s t e m  c o u p l e d  w i th  t he  c e n t e r  of  the  c a v i t y  fo r  m = 2 in (4) the  
p o t e n t i a l s  4~ 2 a n d  ~2 of  t h e  t w i c e - r e f l e c t e d  w a v e s  a r e  r e p r e s e n t e d  in  t he  f o r m  

OP,~(cosO) 
r ~. a~h.~)(i~n)P.(cosO); v~ ..~ b~h~)(i~n) ~ . 

~ = 0  ' n = O  

The unknowns  a2n and b ~  can b e  e x p r e s s e d  in t e r m s  of  aln and  bln, t a k i n g  into a c c o u n t  the  v a n i s h i n g  of  
t he  s t r e s s e s  t h a t  a r i s e  due to  t he  p o t e n t i a l s  ~2m+2 + O2m+l and  ~2m+2 + ~ 2 m + l  f o r  R = a ,  i . e . ,  on the  s u r -  
f a c e  of  t he  cavi ty �9  T h i s  cond i t i on  l e a d s  to  t he  s y s t e m  of  e q u a t i o n s  

, 2 r n @ l  IAn(a)a2m+2-~ Bn(a)bnm+2= -- [E.(a)a~ "=~ + F,,(a) b~ ], 

[Cn(a)a~n m+2 --  D,,(a)b22 +~ [G~(a)a~ m+' + Ln(a) b~m+i]. 

The  c o e f f i c i e n t s  En,  Fn ,  Gn, and  Ln c o i n c i d e  w i th  An, Bn,  Cn, and  Dn, r e s p e c t i v e l y ,  when  in the  l a t t e r ,  i n -  
s t e a d  of  s p h e r i c a l  f unc t i ons  o f  t h e  f i r s t  k ind  w e  t a k e  s p h e r i c a l  func t ions  of  t he  s e c o n d  kind.  The  s y s t e m  i s  
s o l v e d  f o r  m = 2 w i t h  r e s p e c t  to  t he  unknowns a~n a n d  b2n . Thus ,  

" " "  " n : O  n = O  

�9 o 0 , , , -+~0. ,  ~ AnGn--cnEn -t '-(i)(i~R) Opn(c~ ~ G 'F ' - - ' 4nL"  bib( i ) :~176176 
= : / -  ~ a n=o A ann" oO @ -n'~. (qJ*~J ~ , 

. . . .  n ~  0 

w h e r e  
A = A,~D,~ = B.C~; 

~c 

~- = ~ a  (o) ~ > : ( k ) - V ; , ~  ~" ~ Y - = - }  ~ , , .~; (9) 

P i n - - 2 ( 2 n - : -  t )  ~ 4 ( 2 k ~  " - -  . . 

o 

~z2 and  ~'2t a r e  the  p o t e n t i a l s  of  t h e  r e f l e c t e d  l o n g i t u d i n a l  and  t r a n s v e r s e  w a v e s  tha t  a r i s e  f r o m  the  i n c i d e n c e  
o f  the  l o n g i t u d i n a l  w a v e ;  ~21 and  ~'22 a r e  the  p o t e n t i a l s  of  the  r e f l e c t e d  l o n g i t u d i n a l  and  t r a n s v e r s e  w a v e s  
t ha t  a r i s e  f r o m  the  i n c i d e n c e  of  the  t r a n s v e r s e  w a v e .  F o r  c o n v e n i e n c e  the  i n v e r s i o n s  of  the  p o t e n t i a l s  ~2 and 
~I, 2 a r e  r e p r e s e n t e d  in i n t e g r a l  f o r m .  F o r  t h i s  we  can u s e  t he  a s y m p t o t i c  r e p r e s e n t a t i o n  of  the  s p h e r i c a l  
f unc t i ons ,  the  i n t e g r a l  r e p r e s e n t a t i o n  of  L e g e n d r e  p o l y n o m i a l s ,  and  t h e  W a t s o n  m e t h o d  o f  r e p r e s e n t a t i o n  of  
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se r i e s  in the form of integrals.  With account of the ea r l i e r  introduced substitution (6) and Eqs. (9), the poten- 
tial, for  example,  of the twice - re f l ec ted  longitudinal wave, takes the form 

Pc' --g" ~i" ' (p, n) e~dndpd~&l, (10) 
(2a? ~A (a) V 

where  
r~a § B + 2h V p~ § t 1 i7nn/4 

+ n in  + t - p ( -  o - e co ,1)1; 

T (p) p~n,. (2n + i) 
F ( p , n ) =  2I~(p)]/p='T t s i n n n  ' 

~fn is the contour of integrat ion in the complex n place,  consist ing of a loop enclosing the posit ive pa r t  of 
the real  axis f rom the point Re (n) < 1/2;  Cf and C~ are  closed contours of integration, respect ively,  in the 

and y complex planes,  containing, respect ively ,  the points ~ = 0 and ~ = 0. The integrals  in (10) can be 
calculated, e.g., by the method of s teepest  descents.  The potentials ~21, ~21, and ~22, on the bas is  of the 
same r emarks ,  can be represen ted  in s imi la r  form and can be calculated from the method of s teepest  de- 
scents. 

The inversion of the obtained t r ans fo rm is c a r r i e d  out under the assumption that a v iscoelas t ic  medium 
has an instantaneous e las t ic i ty  and 

~plU~ = v = const. 

According to [10], the quantity Vp can be r e p l a c e d b y  Vp(S) = [pI(s)] 1/2, where  I ( s )  for a ra ther  wide c lass  
of v iscoelas t ic  ma te r i a l s  can be represen ted  in the form 

I (s) = %sn + %-~s'~-~ + "'" + a~s + ao (11) 
bnSn + bn__lsn--I + ... - -  bls-}- bo" 

With the use of asymptot ic  methods,  phenomena at the fronts  of a s t rong discontinuity can be studied [6]. In 
this case we study the asymptot ic  behavior  of the solution for s ~ ~ ,  and Vp (s) can be represented  in the 
form 

vp(s)==[pI(s)] = x  -~ 1 + - ~ [ +  B - -  27@ C--~- - -+  2-~ 

where  ~r = ( p a m / b m ) - l / 2  is the wave -propagat ion velocity;  the coefficients A, B, and C are  determined by 
the expansion of (11) in a se r ies  in negative powers  of s. For  the t r ans fo rm inversion we must  take into ac-  
count that only the express ion 

e-'~zd /aA(a, s) (12) 

depends on the t ransformat ion  p a r a m e t e r  s, where  f is a function that is independent of s and takes a speci-  
fic form in each case. We limit ourse lves  to the inversion of the potentials of the initial and once- re f lec ted  
waves. The expansion of (12) in a se r ies  and the use of a known inversion formula  leads to the equation 

% - p~2~* ~ a~  + 4,,~v~x'-~ + 4v*~"- + 2~,~• 1 --  ~ § 2~ 8~ - 7  + 0 (s -2) ds. 

The representa t ion  of the potentials  ~01 and ~I'i, ref lected from the surface  of the hal f -space  of the waves 
[which can be noted f rom a compar ison of (5) and (7) 1 is s imi la r  in form. 

Assuming in (11) that a~. r 0, b~. ~ 0, b 0 e 0, and all the remaining a n and b n equal zero,  we have 
= 0, A = 0, 13 = - b o / 2 b 2 ,  e 1 = - ( 2 a v ~ / ~ ) b o / b o  e 0 = a2s~+4av2~cs+4x2v2. 

According to the Jordan  lemma,  the integral  in (13) is nonzero for  t >_ (R - a)/~,t, and equals the sumof  
the res idues  at the s ingular  points of the integrand function. Hence, the potentials will be nonzero only f rom 
that moment  of t ime when the front of the appropr ia te  wave a r r ives  at the point being considered. Calcula- 
tions for  the f i r s t  two t e r m s  of the se r ies  in the dimensionless  p a r a m e t e r s  t ~ / a  = ~, sa/~r G I~/a = R 0 lead 
to the following express ions :  for  the potential of the p r i m a r y  wave 

q?Oap : 2/~0--"1 (,~,V "~'--'41__ 'V ~ e^--2V'('t'--R~ 1) "Sln '~o @ 'b~v'b~ [ l  --  (~--2'v'Cl:--R~ (COS '~~ - - [  , V t --" 'v'z :sin '~~ } ' 
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0 4 8 12 r 20 f:4 

Fig. 1 

vchere T0 = 2vufi" - v2 (~- - R0 § 1 ); for the potentials of the once-reflected waves 

qh __ ] / ' ~ F p  [ e -2v~(~-a'§ sin ? , +  i - -  e - 2v ' ( r -R '§  cos ~i - -  sin 71 ; 

[ ( ,, )]} a-P#'1 _-- I/2"F~2Vrl [ [ e-2V-'(T-a+l)v]/~ sin "~.2 ~- ~b~ i - -  e -zv2(~-~+l) cos V~ -Vi "v~-' sin ~,~ , 

~vhere d, Fp, and F s a r e  taken f r o m  (8) with r ,  R ' ,  h, and z r ep laced  by the d imens ion less  p a r a m e t e r s  r t = 
r / a ,  R i = R ' / a ,  H = h / a ,  and  Z = z / a ;  T1 = 2 v f f l Z v ' { (  r - B1 + I ) ;  T2 = 2vf f l ' - - -~  (~ - d + I) .  Based  on known 
fo rmu la s  we can ca lcu la te  the d i s p l acem en t s  and the s t r e s s e s  at  points  of  the ha l f - space .  Fo r  example ,  the 
rad ia l  s t r e s s  a r i s i n g  f r o m  the p ropaga t ion  of  the p r i m a r y  wave is  ca lcu la ted  f rom the equation 

crn I / --2,:-~(r--Ro+l) I ( l -- 'v)( t?Ro--4v;~) ~-2v(t--2v) (t--2v2Ro) 0- sin?o ~ , b,,a:, tl --4v~ , 

[,, ( t  - ~Ho~"-') - (1 - v ) ( i  + 2 , - ) ( . i  - 1 : ~ v )  ( i  - , ' ) 0  - 2 R , ~ - )  ~ - ,' ( l  - 2 J : . )  "},, e_2v-*(-~-Ro-}-l) ~ {i-- ~,~ cos v0 4 4,'-; V--~ c ~; ~in Voj j .h .  + 
k 

F o r  R 0 = 1, r = 0, the equation g ives  the p r e s s u r e  on the  su r face  of the cavi ty  at  the initial  t ime  ~r R = - P .  
We de t e rmine  the va r i a t ion  of the  s t r e s s  on the su r face  of the cavi ty  up to the t ime  of a r r i v a l  of the re f l ec ted  
wave  for  v = 0 . 3 ;  R 0 = 1; H = 15; 0 ~ ~ < 28; b0a~/b ~ = 1. The calculat ion r e su l t s  a r e  shown in Fig. 1. 
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